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Abstract 

Following several papers in the prior literature, we study the re¬ 
lationship between order bounded operators, topologically bounded 
operators and topologically continuous operators. We give conditions 
for (i) the space of topologically continuous operators to be an ideal 
of the space of order bounded operators; this result generalizes the 
Nakano-Roberts Theorem; (ii) the space of topologically continuous 
operators to be a band of the space of order bounded operators; (iii) 
the space of order bounded operators to coincide with the space of 
topologically bounded operators; (iv) the space of order bounded oper¬ 
ators to coincide with the space of topologically continuous operators. 
In addition, a set of counterexamples are given; these counterexam¬ 
ples are interesting in their own rights and contribute to the literature. 
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1 Introduction 


The relationship between order bonnded operators and order continnous op¬ 
erators on Riesz spaces has been investigated in n. 0 and [15]. This paper 
aims to further study the relationship between order bounded operators, 
topologically bounded operators and topologically continuous operators on 
Riesz spaces. Our starting point is the Nakano-Roberts Theorem which says 
that the norm dual of a locally solid Riesz space is an ideal of its order dual. 
It is natural to ask whether this result still holds for linear operators between 
two ordered topological vector spaces Ei and E 2 . To this end, we hrst ask 
whether the space Ctc{.Ei, E 2 ) of topologically continuous operators is a vec¬ 
tor subspace of the space Cb{Ei,E 2 ) of order bounded operators. We show 
by counterexamples that the answer is negative. Next, we seek a condition 
for Ctc{Ei, E 2 ) to be a vector subspace of Cb{Ei, E 2 ). Then we generalize 
the Nakano-Roberts Theorem by giving the condition for Ctc{Ei, E 2 ) to be 
an ideal of Cb{Ei, E 2 ). 

Following our Generalized Nakano-Roberts Theorem, we pose the ques¬ 
tion: whether the hypothesis of our Generalized Nakano-Roberts Theorem 
can ensure that £tc(-Ei, E 2 ) is a band of Cb{Ei, E 2 ). We point out that the 
answer to this question is again negative; indeed, in this case, Ctc{Ei, E 2 ) 
need not even be a a-ideal of Cb{Ei, E 2 ). Then we give a condition for 
Ctc{Ei, E 2 ) to be a band of Cb{Ei, E 2 ). 

Next, we seek conditions for the space Cb{Ei,E 2 ) to coincide with the 
space Ctb{Ei, E 2 ) of topologically bounded operators and conditions for 
Cb{Ei,E 2 ) to coincide with Ctc{Ei, E 2 ). These results combined together 
yield conditions for Cb{Ei, E 2 ), the space Cb{Ei,E 2 ) of regular operators, 
Ctb{Ei,E 2 ) and Ctc{Ei,E 2 ) to coincide at the same time. This further 
leads to several interesting results: under suitable conditions, each positive 
operator is topologically continuous, each topologically continuous can be 
written as the difference of two positive operators, and so on. 

The remainder of the paper is organized as follows. Section 2 provides 
some preliminaries. Section 3 generalizes the Nakano-Roberts Theorem. Sec¬ 
tion 3 gives conditions for Ctc{Ei, E 2 ) to be a band of Cb{Ei, E 2 ). Section 4 
further investigates the relationship between Cb{Ei, E 2 ), Ctb{,Ei, E 2 ) and 
Ctc{Ei, E 2 ). 
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2 Preliminaries 


For notation, terminology and standard results concerning topological vector 
spaces, we refer to 0.0. ini and [13]; for notation, terminology and stan¬ 
dard results concerning Riesz spaces and ordered algebraic systems, we refer 
to 0. i.0.0 and [IE] . Here we establish some notational conventions for 
the rest of the paper. A partially ordered set X is called a lattice if the inh- 
mum and supremum of any pair of elements in X exist. A real vector space 
X is called an ordered vector space if its vector space structure is compatible 
with the order structure in a manner such that 

(a) ii X <y, then x + z < y z ioi any z & X] 

(b) if X < I/, then Ax < Xy for ah A > 0. 

An ordered vector space is called a Riesz space (or a vector lattice) if it is 
also a lattice at the same time; in this case, X^ = {xGX|x>0}is 
called the positive cone of X and its elements are called positive elements. A 
Riesz space X is said to be Dedekind complete if every nonempty subset of 
X that is bounded from above has a supremum; X is said to be Archimedean 
if X, 2/ G X~^ and nx < y for all n G A^ imply x = 0. A Dedekind complete 
Riesz space is Archimedean. A Riesz space X is said to have the countable 
sup property if for every subset Y oi X whose supremum exists in X, there 
exists an at most countable subset Z of Y such that sup Y = sup Z in X. 
A Dedekind complete Riesz space is said to be super Dedekind complete if it 
has the countable sup property. A vector subspace of a Riesz space is said 
to be a Riesz subspace if it is closed under the lattice operation V. A subset 
R of a Riesz space X is said to be solid if |x| < \y\ and y E Y implies x G R. 
A solid vector subspace of a Riesz space is called an ideal. A net {xa)aeA is 
said to be decreasing if a > (3 implies Xq < xy. The notation Xq I x means 
{xa)a&A is a decreasing net and the inhmum of the set {xq, | a G A} is x; 
the notation Xq t x should be interpreted similarly. A net {xa)a&A in a Riesz 
space X is said to be order convergent to an element x G X, often written as 
Xq, X, if there exists another net {ya)aGA in X such that |xq — x| < |/q I 0. 
A subset R of a Riesz space X is said to be order closed if a net {xq} in 
B order-converges to Xq G X implies that Xq G R. An order closed ideal is 
called a band. 

A topology r on a vector space X over a held K is called a linear topology 
or vector topology if the addition operation {x,y) x + y from X x X 
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to X and the scalar multiplication operation (A, x) ^ Xx from K x X to 
X are both continuous. A topological vector space {X, r) over a held K 
is a vector space X endowed with a vector topology r. Unless otherwise 
stated, all topological vector spaces are assumed to be over R. A subset 
B of a topological vector space {X, r) is said to be topologically bounded or 
T-bounded if for every neighborhood V of zero there exists some A > 0 such 
that XB C V. A topological vector space {X, r) is said to be locally convex 
if it has a neighborhood base at zero consisting of convex sets. A locally 
convex topological vector space is said to be seminormable (normable) if it 
can be generated by a single seminorm (norm). An ordered topological vector 
space is an ordered vector space equipped with a compatible vector topology. 
A topological Riesz space is an ordered topological vector space which is a 
Riesz space at the same time. A vector topology r on a Riesz space X is said 
to be locally solid if there exists a r-neighborhood base at zero consisting of 
solid sets. A locally solid Riesz space is a Riesz space equipped with a locally 
solid vector topology. A seminorm p on a Riesz space X is called a Riesz 
seminorm if |a;| < \y\ implies p{x) < p{y) for any two elements x,y E X. A 
vector topology on a Riesz space is said to be locally convex-solid if it is both 
locally solid and locally convex. A locally convex-solid Riesz space is a Riesz 
space equipped with a locally convex-solid vector topology. 

All operators in this paper are assumed to be linear; therefore, an op¬ 
erator means a linear operator. Let T be an operator between two ordered 
topological vector spaces (Ui, ti) and (A'2, r2). T is said to be a positive oper¬ 
ator if it carries positive elements to positive elements; it is said to be regular 
if T can be written as the difference of two positive operators; it is said to be 
order bounded if it carries order bounded sets to order bounded sets; it is said 
to be order continuous if the net {T{xa)) is order convergent for every order- 
convergent net (xa) in Ep, it is said to be topologically bounded if it maps 
Ti-bounded sets to r2-bounded sets; it is said to be topologically continuous if 
T~^{0) G Ti for every open set O E T2. A topologically continuous operator 
is topologically bounded. As already mentioned in Section 1 , the collection 
of all topologically continuous operators between Ei and E2 is a vector space 
and will be denoted by Ctc{Ei, E2). Likewise, Cji{Ei,E2) denotes the vec¬ 
tor space of all regular operators between Ei and Ep Ctb{Ei, E2) denotes 
the vector space of all topologically bounded operators between Ei and E2; 
Cb{Ei, E2) denotes the vector space of all order bounded operators between 
El and E2. The vector spaces Cb{Ei, E2), Ctb{Ei, E2) and Ctc{Ei, E2) are 
all equipped with the ordering dehned by S' < T if and only if T — S' is a 
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positive operator, that is, S{x) < T{x) for all x G E^. 

An additive group (G, +) equipped with a partial order < is called a 
partially ordered group if its group operation is compatible with the order 
structure in a manner such that 

(a) if X < y, then x + z < y + z for any z & G] 

(b) if X <y, then z + x < z + y for any z E G. 

A partially ordered group is said to be a lattice-ordered group if it is also a 
lattice at the same time. A field {F, +, •) equipped with a partial order < is 
called a partially ordered field if its field operations are compatible with the 
order structure in a manner such that 

(a) if X < y, then x z < y -\- z for any z E G] 

(b) if X > y and z > 0, then x ■ z > y ■ z; 

(c) 1 > 0, where 1 is the identity of F. 

A partially ordered field is said to be a lattice-ordered field if its additive 
group is a lattice-ordered group. 

3 Generalization of the Nakano-Roberts The¬ 
orem 

First, we recall some results about the relationship between order bounded 
sets and topologically bounded sets in ordered topological vector spaces. A 
classical result says that an order bounded subset of a locally solid Riesz 
space must be topologically bounded. 

Theorem 3.1 (Theorem 2.19 of |1]). If {E,t) is a locally solid Riesz space, 
then every order hounded subset of E is r-bounded. 

Recently, [7] showed that if an order bounded topological vector space has 
an order bounded neighborhood of zero, then every topologically bounded 
subset must be order bounded. 

Theorem 3.2 (Theorem 2.4 of [7]). Let {E, t) be an order topological vector 
space that has an order bounded t- neighborhood of zero. Then very t- hounded 
subset of E is order hounded. 
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[El and [m first showed that the norm dual of a normed Riesz space 
is an ideal of its order dual; later [ 13 ] generalized this result to locally solid 
Riesz spaces but their terminology is of old-fashion. The following version, 
stated in the modern terminology of locally solid Riesz spaces, is taken from 

a- 

Theorem 3.3 (Nakano-Roberts). Let {L,t) be a locally solid Riesz space. 
Then the topological dual L' of (L, r) is an ideal of the order dual 

The Nakano-Roberts Theorem ensures that a continuous linear functional 
is necessarily order bounded. In view of this, one would naturally ask whether 
a topologically continuous operator is necessarily order bounded, that is, 
whether Ctc{Ei, E2) C £^(-£'1,-E'2) holds. The next example shows that the 
answer is negative. 

Example 3.1. Let Ei = E2 = and ri = T2 be the usual norm topol¬ 
ogy on R^. We equip Ei with the lexicographic ordering, that is, for two 
points X = {xi,X2) and y = (2/1, 2/2) in R^ we define x < y ii and only if 
Xi < yi or else Xi = yi and X2 < 2/2- For E2, we equip it with the usual 
pointwise ordering, that is, for two points x = {xi,X2) and y = {yi,y2) in 
R^ we dehne x < y ii and only if xi < yi and X2 < y2- Take x = ( 0 , 0 ) 
and y = ( 0 , 1 ) in Ei. The order interval B = [x,y] in Ei is trivially order 
bounded. Consider the identity operator T = L Then T G Ctc{Ei, E2) and 
T{B) = B. Since B contains inhnitely many infinite vertical rays in B 
cannot be order bounded in E2. Therefore, T ^ Cb{Ei, E2), showing that 
Etc{Ei, E2) ^ Cb{Ei, E2). 

Example 3.1 shows that Ctc{Ei,E2) C Cb{Ei,E2) generally does not 
hold. It is also natural to ask whether Cb{Ei, E2) C £tc(-Fi, E2) holds, that 
is, whether an order bounded operator is necessarily topologically continu¬ 
ous. The answer is also negative as evidenced by the next example. 

Example 3.2. Let Ei = E2 be the space of all Lebesgue integrable func¬ 
tions on R. Let Ti be the norm topology generated by the Li-norm ||x||i = 

\x{t)\dt and T2 be the weak topology a(E2, £2) -^2- Equip both Ei and 

E2 with the usual pointwise ordering, that is, x <y if and only if x{t) < y{t) 
for all t E R. Then the identity operator T = I between Ei and E2 is ob¬ 
viously order bounded. However, T is not topologically continuous. To see 
this, we notice that Ei is an infinite-dimensional normed space; hence, the 
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weak topology T2 is strictly weaker than the norm topology Ti. 

In summary, we have concluded that 

Ctc{Ei, E2) ^ Cb{Ei,E2) and £b(-E'i, £'2) £rc(-£i,-£2)- 

However, the following theorem shows that if £1 is locally solid and £2 
has an order bounded r2-neighborhood, then Ctc{Ei,E2) is a vector sub¬ 
space of Cb{Ei, E2). 

Theorem 3.4 (Theorem 2.3 of [7]). Suppose (£i,ri) is a locally solid Riesz 
space and (£2, T2) is an ordered topological vector space having an order 
bounded T2-neighborhood of zero. Then Ctc{Ei, E2) is a vector subspace of 
£n(£i, £2)- 

Remark 1. Example 2.1 shows that the hypothesis that “ti is locally solid” 
may not be dropped; that is. Theorem 13.41 need not hold if Ti is not locally 
solid. 

Remark 2. The hypothesis “(£2, T2) has an order bounded r2-neighborhood 
of zero” cannot be dropped either even if both ti and T2 are locally-convex 
solid. The following example illustrates this point. 

Example 3.3. Let £1 = £2 = £[—tt, tt] be the space of all the differentiable 
functions on [— 7 r, 7 r]. Take ti = T2 to be the norm topology generated by 
the sup norm ||a:||oo = sup_^<j<.,r Equip £1 with the usual pointwise 

ordering; equip £2 with the ordering defined as follows: for x, |/ G £2 we say 
X < y ii and only if x{t) < y{t) and x'{t) < y'(t) for all t in [— tt, vrj.It is evident 
that II • 11 00 is a Riesz norm on both Ei and £2; hence Ti and T2 are both 
locally convex-solid. Consider the identity operator T = I which is trivially 
topologically continuous. We claim that T is not order bounded. To see this, 
take B = {cos kt}k^N in Ei. Then B is contained in the order interval [— 1 , 1 ] 
in El] hence it is order bounded in Ei. Suppose there exist two elements x 
and y in E2 such that B = T{B) is contained in the order interval [x, y] in E2. 
Then we would have k = sup_^<i<^ |/csin kt\ < sup_^<i<^ ma.x{x{t),y(t)} for 
all k E N, which is impossible. Thus, B = T{B) is not order bounded in 
E2. This shows that Ctc{Ei, E2) ^ Cb{Ei, E2). Since B is contained in the 
open unit ball U = {x E E2 \ \\x\\oo < 1 } of £2, this also implies that £2 
does not have an order bounded r2-neighborhood of zero. 
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We would also like to point out that the sufficient condition in Theorem 
13.41 is not necessary. The next example shows that it is possible to have 
Ctc{Ei, E2) C Cb{Ei,E2) with ri and T2 both being locally-convex solid 
but L2 does not have an order bounded r2-bounded neighborhood of zero. 

Example 3.4. Let Ei = E2 be the space of all real-valued continuous 
functions dehned on R and Ti = T2 be the compact-open topology. Let /C 
be the family of all compact subsets of R. For each K C /C, we dehne 
Pk{x) = supjgj^ |x(t)| for X E El = E2. Then ti = T2 is generated by 
the family of seminorms {pk{x)}k£Ic- Therefore, ri = T2 is locally convex. 
We equip Ei = E2 with the usual pointwise ordering. Then each px is 
clearly a Riesz seminorm; it follows that Ti = T2 is locally convex-solid. Let 
T G Ctc{Ei, E2) and B be an order bounded subset of Ei. Then Theorem 
O shows that B is ri-bounded; hence, T{B) is r2-bounded. As a subset 
B of E2 is r2-bounded if and only if Pk{B) is bounded for every compact 
subset K E JC ip. 109 of [ 8 ]), we know T{B) is r2-bounded. However, E2 
cannot have an order bounded r2-neighborhood of zero because it is known 
that {E2,T2) has no r2-bounded neighborhood (Example 6 . 1.7 of [T^L 

In view of the Nakano-Roberts Theorem, the next question would nat¬ 
urally be whether the hypothesis of Theorem 13.41 is sufficient to imply that 
Ctc{Ei, E2) is an ideal of Cb{Ei, E2). The answer is still negative as we can 
see from the next example. 

Example 3.5. Let Zl[ 0 , 27 r] denote the family of all differentiable functions 
on [ 0 , 27 r]. Put Ei = E2 = D[ 0 , 2 tt] x Zl[ 0 , 27 r] with ri = T2 being the 
norm topology generated by ||(xi,a;2)|| = ||a;i||oo + ||a:2||oo, where ||a;(t)||oo = 
suPo<t<27r k(^)l is the sup norm. Equip Ei with the ordering dehned as 
follows: for any two points x = (xi,X2) and y = {yi,y2) in Ei we dehne 
X < y ii and only if xi(t) < yi(t) and X2(t) < 1/2(t) for all t E [ 0 , 27 r]. Then 
II ■ II is a Riesz norm on Ei; hence (i 7 i,ri) is a locally-convex solid Riesz 
space. For E2, we equip it with the following ordering: for any two points 
X = {xi,X2) and y = (|/i, 2/2) in E2 we dehne x < y ii and only if Xi(t) < yi(t) 
for all t E [ 0 , 27 r] or else Xi{t) = yi{t) and X2{t) < y2{t) for all t E [ 0 , 27 r]. It 
is clear that E2 has an order-bounded r2-neighborhood of zero. Consider the 




operators S and T from Ei to E2 defined by 

S: (xi,X 2 ) H-(0,0:2); 

T: (a:i,o: 2 ) H-(0:2,0). 

where x' denotes the derivative of x. It is evident that T is order bounded 
and topologically continuous. In view of the ordering on E2, we easily see 
that \S\ < \T\. Notice that the image of any point x = (0:1,0:2) G Ei under S 
is contained in the order interval [(— 1 , 0 ), ( 1 , 0 )] in E2. Therefore, S is order 
bounded. However, S is not topologically continuous. To see this, consider 
the sequence {( 0 , (sinH)/fc)}fc>i in Ei. We have ( 0 , (sinH)/fc) A- 0 ; but 
S'(( 0 , (sin/ct)//c)) = { 0 ,coskt) ^ 0 . Thus, S ^ Ctc{Ei-, E2)i showing that 
Ctc{.Ei, E2) is not an ideal of Cb{Ei, E2). 

With some extra assumption in addition to the hypothesis of Theorem 
13.41 we can ensure that Ctc{Ei, E2) is an ideal of Cb{Ei, E2). It turns out 
one such an extra assumption is “(i?2,T2) is a Dedekind complete locally 
solid Riesz space”. Now we establish this result as the generalization of the 
Nakano-Roberts-type theorem. 


Theorem 3.5 (The Generalized Nakano-Roberts Theorem). Suppose {Ei, ri) 
is a locally solid Riesz space and {E2,T2) is a Dedekind complete locally 
solid Riesz space having an order hounded T2-neighborhood of zero. Then 
Ctc{Ei, E2) is an ideal of Cb{Ei, E2) ■ 

Proof. Theorem l 3 . 4 l shows that Ctc{Ei, E2) is vector subspace of £b(R'i, E2) 
under the hypothesis. Therefore, it suffices to show that Ctc{Ei,E2) is 
solid subset of Cb{Ei, E2). To this end, assume that S G Cb{Ei,E2) and 
T G Ctc{Ei, E2) with 151 < |T|. Let {xa} be a net in Ei such that Xa ^ 0 . 
We shall show that S{xa) ^ 0 . For any element e in the Riesz- 

Kantorovich Theorem (Theorem 1.18 of [ 3 ]) implies that there exists another 
net {ya} G Ei such that \ya\ < \xo\ and |T(a:„)| < |T(2 /q)| + e. Thus, we 
have 

\S{x^)\<\S\{K\)<\T\{\x^\)<\T{y^)\+e. ( 1 ) 

Also, the local solidness of ti implies ya ^ 0 . Therefore, T{ya) ^ 0 , that 
is, for any r2-neighborhood V of zero there exists an index ay such that 
T{ija) G V for all a > ay. It follows from Equation ([T]) and the local 
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solidness of T2 that S{xa) G V + e for a > ay- Since E2 is Archimedean, we 
have that S{xa) G V for all a > ay, that is, S{xa) ^ 0 . This proves that 
S G Ctc{Ei, E2). Therefore, Ctc{Ei, E2) is a solid subset of Cb{Ei, E2). 

□ 

Remark. Under the hypothesis of Theorem 13.41 Ctc{Ei, E 2 ) is itself a 
Dedekind complete Riesz space. The next theorem shows that Ctc{Ei, E2) 
is a super Dedekind complete Riesz space with some slightly stronger as¬ 
sumptions. 


Theorem 3.6. Suppose (Ui,ri) is a separable locally solid Riesz space and 
{E2, T2) is a super Dedekind complete locally solid Riesz space having an or¬ 
der bounded T2-neighborhood of zero. Then Ctc{Ei, E2) is a super Dedekind 
complete Riesz space. 

Proof. In view of Theorem 13 . 5 [ we only need to show that Ctc{Ei, E2) has 
the countable sup property. Let D = {xi, ...,Xn, •••} be a dense subset of Ei 
and {Ta} be a net in Ctc{Ei, E2) such that Ta i 0 . By the Riesz-Kantorovich 
Theorem, there exists a net {/Sq} of E2 such that 0 and Ta{\xn\) < fda for 
all a and all Xn- Since E2 is super Dedekind complete, we have an increasing 
sequence of indices {om} such that 0 . Now for each m E N take 

such that Ta^{\xn\) < 13am ^ = l,...,m. Let 0 < T < Tq,^ for all 

m E N. Then for a given n and all m < n we have 

0 < \T{Xn)\ < T{\Xn\) < Tam{\Xn\) < Pam, 

implying that T = 0 on D. Since D is dense in Ei, we have T = 0 on 
El, proving that Tam i 0 in Ctc{Ei, E2). Therefore, Ctc{Ei, E2) has the 
countable sup property. 

□ 

Corollary 3.1. Suppose {Ei,ti) is a second countable or metrizable locally 
solid Riesz space and {E2, T2) is a super Dedekind complete locally solid Riesz 
space having an order bounded T2-neighborhood of zero. Then Ctc{Ei, E2) is 
a super Dedekind complete Riesz space. 
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4 Bands in the space of order bounded oper¬ 
ators 

Theorem 13.51 gives a condition for Ctc{.Ei, E2) to be an ideal of Cb{Ei, E2). 
The next example shows that the hypothesis of Theorem 13.51 is not sufficient 
for Ctc{Ei, E2) to be a a-ideal or a band of Cb{Ei, E2). (Example 2.23 of 
[ 1 ] may also serve this purpose.) 

Example 4.1. Let Ei be the space of real sequences that are eventually 
zero. We equip Ei with the usual pointwise ordering and the norm topology 
Ti generated by the sup norm ||x||oo = sup„>;^ \xn\ for x = G Ei; let E2 be 
R equipped with the usual ordering and the usual Euclidean norm topology 
T2. Then (Ei,ri) and {E2,T2) are both locally convex-solid Riesz spaces and 
E2 is Dedekind complete with an order bounded r2-neighborhood of zero. 
Consider a sequence of linear functionals {fn}n>i dehned by 

n 

fn{x) = '^\Xk\ ioT X = {Xn} in El. 
k=l 

Let / be the linear functional dehned by 

00 

= ioT X = {Xn} in El. 

k=l 

It is clear that each /„ is continuous and order bounded, / is order bounded, 
and /„ t /• Take Xn = ( 0 ,..., 0 , 1 /n, l/(n-|- 1 ),..., l/( 2 n),...) in El. Then 
Xn ^ 0 . Since /(x„) = Ylk=n 

lim f{xn) = lim / x~^dx = -|-cxo. 

n-^+oo a 4 , 0 + Jn 

This shows that / is not continuous. Therefore, £rc(-Ei, E2) is not a a-ideal 
or a band of £b(Ei, E2). 

The following theorem gives a sufficient condition for L' to be a band of 
L . 

Theorem 4.1 (Theorem 2.29 of [ 1 ]). If {E,t) is a barrelled loeally eonvex- 
solid Riesz space, then the topological dual L' is a band in the order dual 
L . 


11 





We attempt to generalize Theorem 14.11 by searching a condition under 
which Ctc{Ei, E2) is a band of Cb{Ei, E2). First, we point out that Theo¬ 
rem 14.11 does not extend naively to our general setup, as the next example 
shows. 

Example 4.2. Suppose Ei = E2 is the space of all integrable functions on 
[ 0 , 1 ], where two almost everywhere equal functions are consider equivalent, 
that is, El = E2 is the space of equivalence classes of almost everywhere 
equal functions. Let ri be the norm topology generated by the L^-norm on 
[ 0 , 1 ], i.e., ||x||i = Jq \x(t)\dt; let T2 be the weak topology a{E2,E2) on E2. 
We equip Ei and E2 with the usual pointwise ordering. Then || ■ ||i is a 
Riesz norm; hence Ti is locally convex-solid. Also, since the space T^[ 0 , 1 ] is 
a Frechet space, Ei is barrelled. Let A be the collection of all finite subsets 
of [ 0 , 1 ] and for each a (Z A define an operator from Ei to E2 as follows: 

Ta{x) = x{t)la{t), 

where is the indicator function of a. It is evident that = 0 for each 
a ^ A] hence each is trivially order bounded and topologically continu¬ 
ous. Also, Tq, 'I' T = J, where I is the identity operator between Ei and E2. 
Clearly, T is order bounded. As L^[ 0 , 1 ] is an infinite-dimensional normed 
space, the norm topology Ti is strictly stronger than the weak topology T2- 
It follows that T is not topologically continuous. Therefore, Ctc^Ei, E2) is 
not a band of Cb{Ei, E2). 

Next, we attempt to generalize Theorem 14.11 that is, we seek a condition 
for Ctc{Ei, E2) to be a band of Cb{Ei, E2). To this end, we need to slightly 
generalize some basic concepts. Usually a topological vector space is defined 
over a field K which is assumed to be either R 01 C. [ 5 ] defines a topological 
vector space over a valued division ring. For the rest of this section, we 
define a topological vector space X to be a topological space which is also 
a vector space over a Dedekind complete lattice-ordered field K such that 
the addition operation (x, ?/) e-)> x + y from X x X to X and the scalar 
operation (A,x) Ax from K x X to X are both continuous. Then the 
corresponding notions of absorbing sets, balanced/circled sets, convex sets, 
etc may be generalized in the obvious way; for example, we say a subset B 
of X is balanced if for all x G i? and A G IF with |A| < 1 we have Ax G B, 
where 1 is the identity of the lattice-ordered field K. 
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Theorem 4 . 2 . Suppose {Ei, ti) is a barrelled locally convex-solid Riesz space 
and (i?2, T2) is a Dedekind completely locally solid lattice-ordered field over 
itself with an order bounded T2-neighborhood of zero. Then Ctc{Ei, E2) is a 
band of Cb{Ei, E2). 

Proof. Since the hypothesis of Theorem 14 .II is satished, we know Ctc{Ei, E2) 
is an ideal of Cb{Ei, E2). Thus, it suffices to show that Ctc{Ei, E2) is 
order closed in Cb{Ei, E2). To this end, we assume that {T^} is a net in 
Ctc{Ei, E2) such that 0 < Tq, "I' T in Cb{Ei, E2). Put 

V = {x E El \ \Ta{x)\ < 1 for all a}, 

where 1 is the identity of E2. We claim that V is absorbing, balanced, convex 
and Ti-closed. First, let x G Ei. If |T(a;)| = 0 , then V is trivially absorbing. 
Otherwise, let jS be the inverse of \T{x)\ in E2. Then for all a and |A| < fi 
we have 

|T„(Ax)| = |AT«(x)|<|/ 3 ||T(x)| = l, 

showing that V is absorbing. Also, for any x ^ V and X E E2 with A G [— 1 , 1 ] 
we have 

\Ta{Xx) \ = |A||TQ,(a:)| < \Ta{x)\ < 1 for all a. 

Hence, V is balanced. Next, take fi E E2 with 0 < /3 < 1 and x,y eV. Then 
for each a we have 

\T^{( 3 x + (1 - fi)y)\ < fi\T^{x)\ + (1 - fi)\T^{y)\ < 1 - 

Thus, V is convex. Finally, if {xy} is a net in Ei with xy ^ x, then for all 
a we have 

\T^{xy)\^\T^{x)\<l, 

implying that V is Ti-closed. Therefore, H is a Ti- neighborhood of zero. Since 
T{V) is order bounded and T2 is locally solid, T{V) is r2-bounded. Thus, for 
any r2-neighborhood U of zero there exists some element A in F^^\{ 0 } such 
that T{V) C XU which implies 

T (A'V) = X-^T{V) C U. 

Since X~^V is still a ri-neighborhood of zero, we have T G Ctc{Ei, E2). This 
shows that Ctc{Ei, E2) is order closed in Cb{Ei, E2). □ 
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5 Relationship between Cb[Ei^ E 2 ), Ctb{Ei, E 2 ) 
and 

Ctc{Ei^ E2). 

In this section, we fnrther investigate the relationship between Cb{Ei, E2), 
Ctb{,Ei, E2) and Ctc{Ei, E2). Example 2.8 of [ 7 ] shows that an order 
bounded operator need not be topologically bounded, that is, Cb{Ei,E2) C 
Ctb{Ei, E2) in general does not hold. On the other hand. Example 2.7 of [ 7 ] 
shows that Ctb{Ei, E2) C Cb{Ei,E2) in general does not hold either. The 
following theorem gives sufficient conditions for the two spaces to coincide, 
he., Cb{Ei,E2) = Ctb{.Ei, E2). 

Theorem 5 . 1 . Fori = 1 , 2 , let {Ei,Ti) be a locally solid Riesz space. 

(i) If for i = 1 , 2 , the space {Ei, r*) has an order bounded Ti-neighborhood of 
zero, then the space of order bounded operators coincide with the space 
of locally bounded operators, that is, Cb{Ei,E2) = Ctb{Ei, E2) ■ 

(a) If the hypothesis of (i) holds and {E2,T2) is also Dedekind complete, 
then Cb{Ei,E2) = Cr{Ei,E2) = Ctb{Ei, E2)■ 

(Hi) If for i = 1 , 2 , {Ei, r*) has a nonempty interior of the positive cone Ef, 
then Cb{Ei, E2) = Ctb{Ei,E2). 

(iv) If the hypothesis of (Hi) holds and E2 is also Dedekind complete, then 
Cb{Ei,E 2 ) = Cr{Ei,E 2 ) = Ctb{.Ei, E2)■ 

Proof. (i) Take any T G Cb{Ei, E2). Let A be a ri-bounded subset of 
El. Then Theorem 13.21 shows that A is order bounded. Thus, T{A) 
is order bounded. Now invoke Theorem 13.11 to conclude that T{A) 
is r2-bounded. Therefore, Cb{Ei,E2) C Ctb{Ei, E2). On the other 
hand, take any T G Ctb{Ei, E2). Let B be an order bounded subset 
of El. Then Theorem 13.11 shows that B is ri-bounded. Thus, T{B) is 
r2-bounded. Now invoke Theorem 13.21 to conclude that T{B) is order 
bounded. Therefore, T G Cb{,Ei, E2), proving that Ctb{Ei, E2) C 
Eb{Ei, E2). 

(ii) Since E2 is Dedekind complete, we have Cb{Ei,E2) = Cr{Ei, E2). 
From the proof of (i), we see that Cb{Ei,E2) C Ctb{Ei, E2) holds in 
this case. Therefore, the conclusion follows. 
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(iii) Take an element x from the interior of Ef and a circled neighborhood 
V of zero such that x + V C E^. Then x — V C Ef. Hence, V 
is contained in the order interval [—x, x], implying that [—x,a;] itself 
is a Ti-neighborhood of zero. Similarly, E2 has an order bounded T2- 
neighborhood. It follows from (i) that Cb{Ei,E2) = Ctb{Ei, E2). 

(iv) Similar to (ii). 

□ 

Next, we give conditions for the three spaces Cb{Ei, E2), Ctb{Ei, E2) 
and Ctc{Ei, E2) to coincide. 

Theorem 5 . 2 . Suppose {Ei,ti) is an order topological vector space with an 
order bounded ri-neighhorhood of zero and {E2,T2) is a locally solid Riesz 
space. If any of the following conditions is satisfied, then Cb{Ei,E2) = 
R-tb{Ei, E2) = CxciEi, E2). 


(i) {Ei,Ti) has a countable neighborhood base at zero. 

(ii) Fori = 1 , 2 , {Ei,Ti) has a Ti-bounded convex neighborhood of zero. 

(iii) For i = 1 , 2 , {Ei,Ti) is a locally convex Hausdorff space and has a 
topologically bounded neighborhood of zero. 

(iv) {Ei,Ti) is bornological and {E2,T2) is locally convex. 

Proof. First, note that Theorem 13.41 shows that Ctc{Ei, E2) C Cb{Ei, E2). 
Hence, it suffices to establish that Cb{Ei, E2) C Ctb{.Ei, E2) C Ctc{.Ei, E2) 
for each case. 

(i) Since (F'i,ri) has a countable neighborhood base at zero, it is pseu- 
dometrizable. Thus, wehaye Cb{Ei, E2) C Ctb{.Ei, E2) C Ctc{Ei, E2). 

(ii) A topological vector space with a topologically bounded convex neigh¬ 
borhood of zero is seminormed. Therefore, (F'i,ri) and {E2,T2) are 
both seminormable. In this case, we have Cb{Ei,E2) C Ctb{Ei, E2) = 
Ctc{Ei, E2). 

(iii) A locally Hausdorff space is normable if and only if it has a topologically 
bounded neighorhood of zero. It follows that (i?i,ri) and {E2,T2) are 
both normable. Hence, Cb{Ei, E2) C Ctb{Ei, E2) = CrciEi, E2). 
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(iv) This follows from the fact that the class of bornological spaces is the 
class of locally convex spaces (T'l, ri) such that all topologically bounded 
operators from (£'i,ri) to a locally convex space (i?2,T2) are topologi¬ 
cally continuous. Therefore, we also have E2) C Ctb{Ei, E2) = 

E2). 

□ 

Corollary 5.1. Fori = 1, 2, let {Ei, Ti) he a locally solid Riesz space. Suppose 
any of the four conditions in Theorem \ 5 . 2 \ holds. 

(i) If for i = 1 , 2 , {Ei,Ti) has an order bounded Ti-neighborhood of zero, 
then Cb{Ei,E2) = Ctb{Ei, E2) = Ctc{Ei, E2)- 

(a) If the hypothesis of (i) holds and E2 is also Dedekind complete, then 
Eb{Ei,E 2 ) = Cr{Ei,E 2 ) = Ctb {El, E2) = Ctc{Ei, E2). 

(Hi) If for i = 1 , 2 , {Ei,Ti) is a locally solid Riesz space with a nonempty 
interior of the positive cone Ef, then Cb{Ei,E2) = Ctb{Ei, E2) = 
Ctc{Ei, E2). 

(iv) If the hypothesis of (Hi) holds and E2 is also Dedekind complete, then 
Cb{Ei,E 2 ) = Cr{Ei,E 2 ) = Ctb{Ei, E2) = Ctc{Ei, E2). 

Remark 1. If the hypothesis of Corollary 15.11 holds, then we have several 
interesting results: (i) every topologically bounded operator can be written 
as the difference of two positive operators; (ii) every positive operator is 
topologically continuous, and so on. 

Remark 2. Let Cn{Ei,E2) denote the space of all order-continuous opera¬ 
tors between Ei and E2. Then Cn{Ei, E2) is a band of Cb{Ei, E2) when E2 
is Dedekind complete and the Riesz-Kantorovich Theorem implies 

Eb{Ei, E2) = Cn{Ei, E2) © C(,{Ei, E2). 

Therefore, if the hypothesis of Corollary 15.11 holds, then every topologically 
bounded or topologically continuous operator can be decomposed as the sum 
of an order continuous operator and an operator in Cf{Ei, E2). 

Remark 3 . Similar to Remark 2 , when E2 is Dedekind complete, we have 
Eb{Ei, E2) = Cc{Ei, E2) © Cs{Ei, E2), 
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where Cc{Ei, E 2 ) is the space of all a-continuous operators and Cs{Ei, E 2 ) is 
the space of all singular operators. It follows that if the hypothesis of Corol¬ 
lary 15.11 holds, then every topologically bounded or topologically continuous 
operator can be decomposed as the sum of a a-order continuous operator 
and a singular operator. 
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